This paper studies some properties of the Fourier multiplier operators on a compact group when the underlying multiplication functions (the symbols) defined on the dual object take values in a Banach algebra. More precisely, boundedness properties for such Fourier multiplier operators for the space of Bochner strong integrable functions and for the (vector) p-Fourier spaces are investigated.
Introduction
T he theory of Fourier multipliers is part of the theory of Fourier integral operators and localization operators. Roughly speaking, a Fourier multiplier is an operator defined through a multiplication by a symbol on a function's frequency spectrum. It is a way to reshape the frequencies involved in the function. Therefore this theory has many applications for instance in Signal processing where the Fourier multiplier is called a filter. Research on the Fourier multipliers is very active and quite flourishing. As recent articles in this field we can quote [1] [2] [3] .
In [4] , Atto et al. investigated the Fourier multipliers for a kind of p-Fourier spaces introduced in [5] . They obtained important results related to the boundedness of such operators. However, the underlying multiplication function (the symbol) takes values in the set of complex numbers though authors dealt with the Fourier transform of vector valued functions. It may have been interesting to consider vector valued symbols. So, in order to harmonize things, it seems necessary to complete/extend the study by the case where the symbols are vector valued functions. This is the main purpose of this paper. Thanks to the Fourier inversion formula in [6] , it is possible to introduce what we call a vector Fourier multiplier.
The paper is organized as follows. In Section 2, we set some preliminaries related to the Fourier transform of vector valued functions. In Section 3, we investigate properties of the Fourier multipliers for Bochner integrable functions and in Section 4, we study the Fourier multipliers for p-Fourier spaces.
Preliminaries
Details on group representations can be found in [7, 8] . Let G be a compact group with normalized Haar measure dx. We denote by G the unitary dual of G, that is the set of equivalence classes of unitary irreducible representations of G. In each class σ ∈ G, we choose an element, still denoted σ, with representation space H σ the dimension of which is denoted by d σ . We designate by (ξ σ 1 , ξ σ 2 , ....., ξ σ d σ ) a basis of H σ . Let A be a complex Banach algebra. The Fourier transform f of a strong Bochner integrable function f ∈ L 1 (G, A) is given by the formula
where ·, · denotes the inner product in H σ . Here f (σ) is a bounded linear operator from
The functions u σ ij satisfy the Schur orthogonality relations
where δ is the Kronecker delta symbol. The Fourier inversion formula is
Using this inversion formula, we can define what are vector Fourier multipliers and tackle the study of their properties. This is done in the next two sections.
Vector Fourier multipliers for
Let ϕ : G → A be a bounded function. We define the vector Fourier multiplier T ϕ by the formula
What we consider here generalizes the case treated in [4] which corresponds to the particular case A = C. We denote by M(L 1 (G, A)) the set of all vector Fourier multipliers on L 1 (G, A). We introduce the following operation which we may need.
Taking inspiration from [6, Therem 3.1.] we state the following theorem.
The next theorem gives a characterization of the vector Fourier multipliers on L 1 (G, A).
Theorem 2.
Proof. Let T ϕ ∈ M(L 1 (G, A) ). Let σ ∈ G. Vectors ξ ∈ H σ and η ∈ H σ can be written in the forms ξ =
Then
By appealing to the Schur orthogonality relations, we get
Thus T ϕ f = ϕ f . Conversely, let us assume that ∀ f ∈ L 1 (G, A) , T ϕ f = ϕ f . Then, using the inversion formula we obtain
Thus T ϕ f is a vector Fourier multiplier for L 1 (G, A) . (G, A) ) and f , g ∈ L 1 (G, A) then the following equalities hold:
Since the Fourier transformation is injective,
Therefore, by the injectivity of the Fourier transformation, we have
For ψ ∈ L( G, A), we set
We also consider the set
We can now state the following theorem. A) and
Hence
Thus
Vector Fourier multipliers on p-Fourier spaces
The space L p ( G, A) is a Banach space if it is endowed with the norm
Call p-Fourier spaces the spaces
On the space A p (G, A) the following two norms are defined:
where . 1 and . L p denote the norm in L 1 (G, A) and the norm in L p ( G, A) respectively. Equipped with each of the two norms . A p and . A p , it had been proved that the space A p (G, A) is a Banach space [5] .
The following theorem expresses the invariance of the space A p (G, A) by the Fourier multiplier T ϕ .
